Introductory remarks
Throughout this paper graphs are assumed to be nite, simple and, unless speci ed otherwise, undirected. By p we shall always denote an oddprime.
For the group-theoretic concepts and notation not de ned here we refer the reader to 5, 14] . Given a graph X we let V (X), E(X) and Aut X be the vertex set, the edge set and the automorphism group of X, respectively. We say that X is vertex-transitive and edge-transitive if Aut X acts transitively on V (X) and E(X), respectively. It is easily seen that an edge-but not vertex-transitive graph X is necessarily bipartite, where the two parts of the bipartition are orbits of Aut X. Moreover, if X is regular then these two parts have equal cardinality. A regular edge-but not vertex-transitive graph is called semisymmetric. The study of semisymmetric graphs was initiated by Folkman 8] who gave a construction of several in nite families of such graphs including, among others, a family of semisymmetric graphs of order 4p, p an odd prime. The smallest graph in this construction has 20 vertices and happens to bethe smallest semisymmetric graph. Insipired by Folkman's work the study of semisymmetric graphs has recently received a wide attention, resulting in a number of published articles (see 2, 3, 6, 9, 10, 11] ). One of the main purposes of this article is to generalize Folkman's constructions.
We start by introducing the concept of orbital digraphs. Let H be a transitive permutation group acting on a set V and let v 2 V . There is a 1-1 correspondence between the set of suborbits of H, that is, the set of orbits of the stabilizer H v on V , and the set of orbitals of H, that is, the set of orbits in the natural action of H on V V , with the trivial suborbit fvg corresponding to the diagonal f(v v) : v 2 V g. For an orbital ; we let S ; v = fw j (v w) 2 ;g denote the suborbit of H (relative to v) associated with ;. Conversely, for a suborbit S of H relative to v we let ; S v be the associated orbital in the above 1-1 correspondence. The paired orbital ; ;1 of an orbital ; is the orbital f(v w) : (w v) 2 ;g. If ; ;1 = ; we say that ; is a self-paired orbital. Similarly, for a suborbit S of H relative to v we let S ;1 = S ; ;1 v denote the paired suborbit of S. If S ;1 = S we say that S is self-paired. The orbital digraphX(H V ; ) of (H V) relative to ;, is the digraph with vertex set V and arc set ;. The underlying undirected graph ofX(H V ; ) will becalled the orbital graph of (H V) relative to ; and will bedenoted by X(H V ;). If ; = ; ;1 is a self-paired orbital then X(H V ; ) admits a vertex-and arc-transitive action of H. On the other hand, if ; is not self-paired then X(H V ;) admits a vertex-and edge-but not arc-transitive action of H, in short, a 1 2 -arc-transitive action of H. For a permutation of V contained in the normalizer of the permutation group H in the symmetric group Sym V we let ; denote the set f(x y ) j (x y) 2 ;g. Since normalizes H, the set ; is also an orbital of H. If v 2 V is left xed by and S = S ; v , then the set S = fs j s 2 Sg is the suborbit S ; v of H, w h i c h corresponds to the orbital ; relative t o t h e vertex v.
The following construction, starting with a transitive permutation group H and its orbital ;, is a generalization of Folkman's construction of semisymmetric graphs arising from abelian groups (see 8, Theorem 4] ).
De nition 1.1 Let H be a transitive permutation group on a set V , l e t ; b e its orbital, let k 2 b e a n i n teger and let beapermutation of V contained in the normalizer of H in Sym V and such t h a t k 2 H. Let B = fB x j x 2 V g and V 0j = fx 0j j x 2 V g, j 2 Z Z k , be k + 1 copies of the set V . Let Y (H V ; k ) denote the graph with vertex set B V 00 : : : V 0k;1 and edge set fx 0j B y j j 2 Z Z k (x y) 2 ; j g. Furthermore, let V 1j = fx 1j j x 2 V g, j 2 Z Z k , b e k copies of the set V . The generalized F olkman graph F(H V ; k ) has vertex set S i j2Z Z k V ij and edge set fx 0j y 1i j i j 2 Z Z k (x y) 2 ; j g.
Observe that the generalized Folkman graph F(H V ; k ) is obtained from Y (H V ; k ) b y expanding each B x to a k-tuple of vertices x 10 x 11 : : : , x 1 k;1 each retaining the neighbors' set of B x . For the generalized Folkman graph F(H V ; k ) it will besometimes convenient to specify a suborbit S corresponding to ; rather than ; itself. The notation F(H V S k) will then be used instead of F(H V ; k ). The same applies for the graph Y (H V ; k ).
Note that the generalized Folkman graphs are all regular and bipartite.
Furtheremore, letting G = hH i we can see that every element o f G induces an automorphism of F(H V ; k ) w i t h H stabilizing all the sets V ij , i 2 Z Z 2 , j 2 Z Z k , and stabilizing the sets V 1j and cyclically permuting the sets V 0j , j 2 Z Z k . With abuse of notation, the symbolsH, and G will also denote the corresponding induced actions on F(H V ; k ) a n d Y (H V ; k ).
Observe that for every x 2 V the vertices x 1j , j 2 Z Z k , have the same neighbors' sets in the graph F = F(H V ; k ). It follows that for each x 2 V the automorphism group Aut F contains a copy of the symmetric group S k xing the sets V 0j , j 2 Z Z k , pointwise, and acting on the set fx 1j j j 2 Z Z k g by permuting the indices j 2 Z Z k . The group, generated by G and these automorphisms, acts transitively on the set of edges of F and has two orbits in its action on the set of vertices of F One of the main goals of this article is to give constructions of several innite families of semisymmetric generalized Folkman graphs (see Section 2). Some of these constructions are immediate generalizations of the original Folkman's constructions of semisymmetric graphs of valency 4 corresponding to abelian groups (Examples 2.4 and 2.5). The others are new and arise in the context of alternating groups (Examples 2.6 and 2.7). We remark that the generalized Folkman graphs of the last two examples are associated with certain graphs admitting 1 2 -arc-transitive group actions. Namely, l e t X be a graph admitting a 1 2 -arc-transitive action of a subgroup H of Aut X, and an arc-transitive action of a subgroup G of Aut X, where H is of index 2 in G. Then there exists a non-self-paired orbital ; of H such that X = X(H V(X) ;) and ; ; ;1 is an orbital of G. Now let be an arbitrary element in G n H. Then of course ; = ; ;1 , 2 2 H, and we can construct the generalized Folkman graph F(H V(X) ; 2). Conversely, the generalized Folkman graph F(H V ; 2) gives rise to a graph admitting a 1 2 -arc-transitive action of H and an arc-transitive action of G = hH i provided ; is not self-paired, and ; = ; ;1 is the paired orbital of ;. The above described connection between these two families of graphs is the content of the sequel to this paper.
In Section 3 we g i v e a n umber of preliminary results on n-polycirculants, that is, graphs addmiting an automorphism having precisely n orbits, all of equal size. These results are used in Section 4, which is devoted to the study of semisymmetry properties of 4-polycirculants. Finally, building on the results from these two sections, we classify (and solve the isomorphism problem for) semisymmetric graphs of order 4p, p a prime, in Section 5. In particular, we show that every such graph is a generalized Folkman graph.
Constructions
A su cient condition for the semisymmetry of a generalized Folkman graph F(H V ; k ) g i v en in Proposition 1.2 is that no k vertices in S j2Z Z k V 0j have the same neighbors' set in the graph Y (H V ; k ). This gives rise to a particularly transparent condition when H contains a regular subgroup, as may b e seen in the proposition below.
Proposition 2.1 Let R be a g r oup acting on itself by right multiplication, let A be a subgroup of Aut R, H = hR Ai, and r 2 R such that S = r A have at least two elements. Furthermore, let be an automorphism of R normalizing H and such that k 2 H. If S y6 = S for y 6 = 1 and S y6 = S for all y 2 R, then the generalized Folkman graph F(H R S k) is semisymmetric.
Proof. Note that the stabilizer of the identity element 1 2 R in the action of H on R equals A. By de nition, S is an orbit of A and hence a suborbit of H. The orbital ; arising from the suborbit S is the set f(y sy) j y 2 R s 2 Sg. The orbital ; i , i 2 Z Z k , is then the set f(y sy) j y 2 R s 2 S i g. Suppose that there are k di erent v ertices in the union S j2Z Z k V 0j with the same neighbor' set in the graph Y = Y (H R S k). Let us assume rst that two of them, say x 0j and y 0j belong to the same V 0j . By the de nition of Y this implies that S i y = S i x and so S(yx ;1 )
;i = S, contradicting one of the assumptions. We can thus assume that the neighbors' sets of x 00 2 V 00 and y 01 2 V 01 , for some x y 2 Z Z n , are the same. But then S x= S y and so S = S x y ;1 , again a c o n tradiction. Suppose S y= S for some element y 2 R. Then either ry = r ;1 and ty = t ;1 , or ry= t ;1 and ty = r ;1 . The rst case contradicts (ii) whereas the second case contradicts (iii). On the other hand, if S y= S for some nonidentity element y 2 R, w e have ry= t and ty = r, c o n tradicting (iv).
The semisymmetry of graphs constructed in Examples 2.4{2.7 may be deduced from the above two results (and the following simple lemma for graphs in Example 2.5). justifying the name generalized Folkman graphs. Let A be an abelian group and T an automorphism of A. Let k > 1 b e a n i n teger and r 2 A, such that 2r 6 = 0 . Suppose that T k (r) 2 f r ;rg and T i (r) 6 2 f r ;rg for 1 i k ; 1.
Furthermore, assume that there is s 2 A, such that 2s = r. Let H be a permutation group on the set A generated by the translations with elements of A and a permutation sending each x 2 A to ;x. Observe that the set S = f;s sg is a suborbit of the action of H on A with respect to the identity element 0 2 A. Moreover, note that T normalizes H. We can thus construct the generalized Folkman graph F = F(H A T S k), which i s semisymmetric. In fact, it is isomorphic to the graph, call it X, with vertex set Z Z 2 Z Z k A and edge set f(0 i x )(1 j x ; b) j i j 2 Z Z 2 x 2 A b 2 f 0 T i (r)gg whose semisymmetry was proved in 8, Theorem 4] . Namely, it is easy to check that : F ! X, mapping according to the rule x 0i = ( 0 i x ; T i (s)) and x 1i = ( 1 i x ), is a graph isomorphism. Of course, the semisymmetry of F may also be proved using Proposition 2.1. We leave this to the reader.
We would like to mention that the existence of an element s such that 2s = r is not needed neither in the de nition of the graph X nor in the proof of its semisymmetry (but is essential in the de nition of the corresponding graph F and the graph isomorphism ). Namely, l e t t i n g A = Z Z 8 , T(x) = 3 x and r = 1 , t h e a b o ve construction gives us a semisymmetric graph X (on 32 vertices), which does not belong to the family of generalized Folkman graphs, as de ned in this article. (Observe that the subgroup of Aut X xing the four copies of Z Z 8 does not act equivalently on these copies.) Example 2.5 Let V = Z Z n , l e t S beanontrivial subgroup of the multiplicative group Z Z n , let k 2 be an integer, and a 2 Z Z n be such that a k 2 S, while a i 6 2 S for all 1 i < k. Furthermore let be an automorphism of Z Z n mapping each x 2 Z Z n to ax and H = fx 7 ! sx + b j s 2 S b 2 Z Z n g a subgroup of the group of all a ne transformations of Z Z n . Clearly, normalizes H and S is a suborbit of H relative t o the identity element 0 2 Z Z n . We c a n t h us construct the generalized Folkman graph F = F(H Z Z n S k ). If S 6 = x + aS for all x 2 Z Z n , and S 6 = x + S for all, x 2 Z Z n n f 0g, then F is semisymmetric by Proposition 2.1. The last condition on a and S is always ful lled if n = p 5 is a prime. Namely, S = x + a S, 2 f0 1g, implies S = xS + a S, a n d b y Lemma 2.3, we have that x = 0 and a 2 S, a contradiction. Moreover, it can beeasily seen that F is a connected graph in this case.
In the last section we will prove that, with the sole exception of one of the two semisymmetric graphs of order 20, every semisymmetric graph of order 4p, p 5 a prime, is isomorphic to the generalized Folkman graph F(H Z Z p S 2).
For convenience we take S n and A n to be the groups of all permutations and all even permutations, respectively, on the set Z Z n . Observe rst that r = r ;1 . Since the permutations a and b commute, the same holds for the automorphisms and , and so normalizes H and maps r i to r ;1 i for every i 2 f0 : : : n;3 2 g. It remains to check that S 6 = S yfor all y 2 R n f 1g, and that S ;1 6 = S yfor all y 2 R. Suppose rst that S = S yfor some y 6 = 1. Let r i and r j be two elements of S such that r 0 = r i y and r 1 = r j y. It follows that r ;1 i r 0 = r ;1 j r 1 and so a i r ;1 a ;i r = a j r ;1 a ;j;1 ra. If i < j then we can rewrite the equation as a ;i = ra j;i r ;1 a ;j;1 rar ;1 and observe that the lefthandside of this equation xes 0, which is not the case for its righthandside. A similar contradiction is obtained when j < i . The case S ;1 = S yfor some y 2 R is dealt with in a similar fashion.
To prove that F is conneceted it su ces to show that the permutations of the form s 1 s ;1 2 and s 2 1 s ;2 2 , where s 1 s 2 2 S, generate the alternating group R = A n . It may be easyly checked that for every i 2 f1 : : : n;3 2 g, the permutation r 0 r ;1 i is the 5-cycle (0 n;1 2 n ; 1 n ; i ; 1 i ). It is easily seen that these 5-cycles generate a primitive subgroup of R. For n 11 we may thus apply the classical result of Marggraf (see 14, Theorem 13.5])
to deduce that this subgroup is in fact the whole alternating group R. As for n 2 f5 7 9g, the proof of the above fact may be done using as one of the generators also the permutation r 2 0 r ;2 1 . We leave out the details of the computations. (Note that r 2 0 r ;2 1 = ( 0 n ;2 n ;3 n;1 2 n ;1 n;3 -arc-transitive group action will be pursued in a sequel to this paper.
Preliminary lemmas on polycirculants
Let k 1 and n 2 be integers. A graph of order kn admitting an automorphism with k orbits of length n is called a (k n )-polycirculant. In particular, a (2 n )-polycirculant, a (3 n )-polycirculant, and a (4 n )-polycirculant will becalled an (n )-bicirculant, an (n )-tricirculant, and an (n )-tetracirculant, respectively. (The automorphism will sometimes beomitted from the above notations.)
Observe that the generalized Folkman graph F(V H ; k ) i s a ( 2 k jV j )-polycirculant whenever the group H contains a cyclic subgroup h i of order jV j. For example, the smallest semisymmetric graph (on 20 vertices) is a tetracirculant. In Section 4 we will investigate semisymmetry properties of tetracirculants. (Note that there are no semisymmetric circulants, bicirculants or tricirculants.) It is the purpose of this section to prove a number of lemmas that will be needed in the next two sections in the analysis of semisymmetry properties of tetracirculants. We start with the following simple observation. The next two lemmas deal with the structure of bicirculants. We remark that, using the classi cation of 2-transitive p e r m utation groups, the rst one could be proved in a more general setting, that is, for (regular) bipartite graphs with the setwise stabilizer of one of the two parts of the bipartition being a 2-transitive permutation group. However, assuming that the graph is a bicirculant t h e result can be proved without the classi cation theorem. Lemma 3.2 Let X be a b i p artite (n )-bicirculant, with the bipartition consisting of the two orbits of , which is neither totally disconnected nor a complete bipartite graph. If H is a subgroup of Aut X containing , xing both orbits of and acting 2-transitively on one of them, then H acts faithfully and 2-transitively on both orbits of .
Proof. Let U and W bethe two orbits of , U being the one on which H acts 2-transitively, and let u 2 U, w 2 W betwo v ertices of X. De ne to be a permutation of V (X) w h i c h i n terchanges u i with w ;i for each i 2 Z Z n . It's easy to see that is an automorphism of X. Let G denote the setwise stabilizer of U and W in Aut X. We will rst show that the actions of G on U and W are isomorphic. For any g 2 G a p e r m utation g = ;1 g is clearly an element of G which shows that the mapping g 7 ! g is an automorphism of G. Observe also that for any x 2 U and g 2 G we have (x g ) = (x ) g , implying that the pair (g 7 ! g x 7 ! x ) is an isomorphism of the actions of G on U and W. Since G acts 2-transitively on U it acts 2-transitively on bothU and W.
Assume now that the action of H is not faithful on one of the sets U and W, say U (W resp.), and let K denote the kernel of this action. If K was transitive o n W (U resp.) the graph X would be either totally disconnected or complete, contradicting our assumption. On the other hand, if K was not transitive on W (U resp.) the orbits of K on W (U resp.) would beblocks of imprimitivety for the action of G on W (U resp.) which condraticts the fact that G acts 2-transitively on both U and W.
We can thus assume that H acts faithfully on both U and W. If the action of H was primitiwe o n W it would follow b y 14, Theorem 25.3] that n = p is a prime (by assumption H contains a regular cyclic group of order n). By the well known Burnside theorem on groups of prime degree 13, Theorem 7.3], the order of H would be less than p(p ; 1), and such a group could not be 2-transitive on U, a contradiction. The action of H on W is therefore imprimitive. Since H contains the cyclic element the blocks of imprimitivity B = fB 0 : : : B k;1 g are orbits of k for some divisor k of n. We can thus assume that B i = fw i+j k j j = 1 : : : r ; 1g, where r = n=k. Let us denote the corresponding orbits of k on U by C i = fu i+j k j j = 1 : : : r ;1g, and let S ij , i j 2 f 0 : : : k ; 1g, denote the set of those s 2 f 0 : : : r ; 1g for which u i w j+sk is an edge of X. Observe that S ij is a symbol of the induced bipartite (r k )-bicirculant X C i B j ]. Observe also that S (i+t)(j+t) = S ij for any i j t 2 Z Z k (just apply t ). Let K denote the kernel of the action of H on B. The kernel K is not trivial since it contains k . Since H is 2-transitive o n U, the kernel K is transitive on U which shows that the cardinalities of the set S ij are indepentent on i. Combining this fact by the previous argument the cardinalities of the sets S ij , i j 2 Z Z k , are all the same, say d.
Since the action of H on U is 2-transitive the number of common vertices of any two distinc vertices of U is the same. In particular, jN(u u tk )j = jN(u u i+tk )j for any i 2 f 0 : : : k ; 1g and t 2 f 0 : : : r ; 1g. This is equivalent to . Since H acts 2-transitively on U, and thus the stabilizer of u 0 is transitive on U n f u 0 g, it follows that = jN(u 0 u k ) \ Wj = jS \ (S + k)j is constant for all k 2 Z Z n n f 0g. Replacing S by ;S + c, w e have = jS \ (;S + c + k)j for all k 2 Z Z n n f 0g. 
Combining (3) and (4) we see that either Z Z n n f cg 2S n 2R or Z Z n n f cg 2S n 2R C . Now if n is odd then 2S n 2R = S and so Z Z n n f cg is either a subset of S or a subset of S C . Hence jSj 2 f 0 1 n ;1 n g. The case n even is somewhat trickier. If Z Z n n f cg 2S n 2R, t h e n n ; 1 j 2S n 2Rj n 2 . Hence n 2 and the result follows. If Z Z n n f cg 2S n 2R C then either 2S = 2 R or 2S = 2R f 2sg for s 2 S n R. In the rst case S = R = S + n 2 . Therefore = jSj and S is clearly either Z Z n or the empty set. In the second case S is either R f sg or R f s + n 2 g. In both cases jS \ (S + n 2 )j = jSj ; 1. Then by Lemma 3.1 we have jSj 2 ; j Sj = ( n ; 1)(jSj ; 1), giving us the quadratic equation jSj 2 ; njSj + n ; 1 = 0 . It follows that jSj is either 1 o r n ; 1.
We wrap up this section with a lemma which deals with imprimitive groups of degree 2p, p a prime, and in which bicirculants are present only implicitely. For a permutation group G acting on a set V and a subset B V we let G ( B) denote the pointwise stabilizer of B in G. Proof. Since G is a transitive group of degree 2p, there is an element of G of order p. Let K denote the kernel of the action of G on B, and let G = G=K. We are going to distinguish two di erent cases. 
Semisymmetry of tetracirculants
The purpose of this section is to investigate semisymmetry properties of tetracirculants. Since all semisymmetric graphs are necessarily bipartite, restricting ourselves to those bipartite (n )-tetracirculants for which each of the two bipartition sets is a union of two orbits of seems natural.
Let n be a positive integer and let S 00 , S 01 , S 10 and S 11 be nonempty subsets of Z Z n . De ne the graph X = F(S 00 S 01 S 10 S 11 ) to have vertex set Z Z n Z Z 2 Z Z 2 and edge set f(x 0 i )(y 1 j ) j i j 2 Z Z 2 y ; x 2 S ij g. We will use shorthand notations x ij for the vertex (x i j) 2 V (X), and V ij = V ij (X) for the set fx ij j x 2 Z Z n g, i j 2 Z Z 2 . Furthermore, we let U = U(X) = V 00 V 01 and W = W(X) = V 10 V 11 . Observe that the permutation de ned by the rule x ij = (x + 1) ij is an automorphism of X having four orbits of length n. The graph X is therefore an (n )-tetracirculant.
Conversely, if X is a bipartite (n )-tetracirculant for which each of the two bipartition sets is a union of two orbits of , t h e n X is isomorphic to the graph F(S 00 S 01 S 10 S 11 ) for some S ij Z Z n . Namely, choose four vertices u 00 , u 01 , u 10 , u 11 , one from each orbit of , and let x ij denote the vertex u ij x for any x 2 Z Z n . For a pair i j 2 Z Z 2 let S ij denote the set fs 2 Z Z n j u 0i s 1j g. A pair x 0i y 1j is an edge of X if and only if y ; x 2 S ij (X). The graph X is clearly isomorphic to the graph F(S 00 S 01 S 10 S 11 ). The quadruple (S 00 S 01 S 10 S 11 ) will be called the symbol of X with respect to the quintuple (u 00 u 01 u 10 u 11 ) ( o r with respect to , in short).
It will be useful to have a similar notation for certain bipartite bicirculants. Let X be a bipartite (n )-bicirculant where the bipartition is given by the two orbits U and V of . For u 2 U and v 2 V , we let S = fs 2 Z Z n j u v s g be the symbol of X with respect to the triple (u v ) (or with respect to , in short). We remark that an n-tetracirculant is a generalized Folkman graph if and only if it is isomorphic to the graph F(R R T T) for some subsets R T Z Z n . This suggests that such graphs might be possible candidates for semisymmetric tetracirculants. The proposition below, summarizing a part of Example 2.5, deals with the special case where T is a coset of the multiplicative subgroup R in Z Z n . Proposition 4.1 Let S be a nontrivial subgroup of the multiplicative group Z Z n and a 2 Z Z n such that a 2 2 S but a = 2 S. If S 6 = x + aS for all x 2 Z Z n , and S 6 = x + S for all x 2 Z Z n n f 0g, then the tetracirculant F(S S aS aS) is semisymmetric. If n is prime the last two conditions are always satis ed and, moreover, the corresponding semisymmetric graphs are connected.
It would beinteresting to see if there are semisymmetric tetracirculants which are generalized Folkman graphs, but not of the form given by the above proposition, and furthermore, if there are semisymmetric tetracirculants which are not generalized Folkman graphs? We w ould like to pose these two questions as open problems. Proof. Observe that the permutation , de ned by the rule x ij = (;x) 1;i 1;j , is an automorphism of F(S 1 S 2 S 3 S 1 ). Since intechanges the two sets of the bipartition F(S 1 S 2 S 3 S 1 ) is not semisymmetric.
For a transitive permutation group G with an imprimitivity b l o c k system B and a permutation we s a y t h a t and B are orthogonal if each orbit of intersects each block in B in exactly one point. Proposition 4.6 Let X be a semisymmetric (n )-tetracirculant with bipartition (U W) and assume that the action of Aut X on U and W has systems of imprimitivity B and C, each with blocks of length 2, and orthogonal to U and W , respectively. Then one of the following holds:
(j) X is isomorphic to F(R R T T) for some disjoint subsets R T Z Z n or (jj) for any B 2 B and C 2 C the induced subgraph X B C] is either totally disconnected or isomorphic to K 2 +2K 1 and moreover there a r e p airwise disjoint subsets S 00 S 01 S 10 S 11 Z Z n such that X is isomorphic to the graph F(S 00 S 01 S 10 S 11 ). Proof. Let G = Aut X, and let B = fa bg and C = fc dg beblocks of G W and G U , respectively. Furthermore, let (S 00 S 01 S 10 S 11 ) denote the symbol of the tetracirculant X with respect to the quintuple (c d a b ) . Then B = fB 0 : : : B n;1 g and C = fC 0 : : : C n;1 g, where B x = fa x g for each x 2 Z Z n . Consider those bipartite graphs X B x C y ], x y 2 Z Z n , which are not totally disconnected. Because of edge-transitivity of X, any two of them are isomorphic (with the corresponding isomorphism induced by an automorphism of X). The ve possibilities for these graphs are shown in the Figure 4 below. In case (i) the sets S ij , i j 2 Z Z 2 , are all equal, which by Lemma 4.5 contradicts semisymmetry of X. In case (ii) it follows that S 00 = S 01 , S 10 = S 11 and S 00 \ S 10 = , and the graph is of the desired form. In case (iii) it follows that S 00 = S 10 , S 01 = S 11 and S 00 \ S 01 = , and the graph is again of the desired form. In case (iv) we have S 00 = S 11 and S 10 = S 01 which by Lemma 4.5 contradicts semisymmetry of X. Finally, in case (v) it is obvious that the sets S ij , i j 2 Z Z 2 are pairwise disjoint.
The above result may be strengthened in the special case when n is a prime as we can see in Corollary 4.8.
Let X be a graph and V i , i 2 Z Z k , be vertex orbits of a subgroup G of Aut X. induced by this automorphism, we get j(S 00 S 01 ) \ (S 00 (S 01 + x))j = j(S 00 S 01 ) \ (S 10 (S 11 + x))j: Taking the sum for all x 2 Z Z p , we see that j(S 00 S 01 )j 2 ; j (S 00 S 01 )j = jS 00 S 01 jjS 10 S 11 j ; j (S 00 S 01 )\(S 10 S 11 )j: Recall that the sets S ij , i j 2 Z Z 2 , are pairwise disjoint. Furthermore jS 00 j = jS 11 j and jS 01 j = jS 10 j. Hence, j(S 00 S 01 )j = j(S 00 S 01 ) \ (S 10 S 11 )j: Therefore (S 10 S 11 ) (S 00 S 01 ) which is clearly not possible, since the sets S ij are nonempty and pairwise disjoint. This contradiction completes the proof of Corollary 4.8.
Observing that the four orbits of a tetracirculant which is a generalized Folkman graph are not blocks of imprimitivity of the full automorphism group, we now turn to a considerably weaker form of Problem 4.3.
Problem 4.9 Does there exist a semisymmetric (n )-tetracirculants with the four orbits of being blocks of its automorphism group?
The following theorem gives a partial negative a n s w er to the above p r o blem.
Theorem 4.10 Let X be a semisymmetric (n )-tetracirculant and suppose that the orbits of are blocks of imprimitivity of Aut X. Then the setwise stabilizer of the four orbits of in Aut X acts imprimitively on each of these orbits.
Proof. Let (S 00 S 01 S 10 S 11 ) denote the symbol of the tetracirculant X with respect to the automorphism . The graph X can then be identi ed with the graph F(S 00 S 01 S 10 S 11 ). We let X j i denote the bipartite graph X V 0i V 1j ], i j 2 Z Z 2 . Since the orbits V ij of are blocks of Aut X and X is edge-transitive, the graphs X j i , i j 2 Z Z 2 , are all isomorphic and the sets S ij are of the same cardinality. For i 2 Z Z 2 let G i denote the setwise stabilizer G V i0 of V i0 in G. Then H = G 0 \ G 1 is the setwise stabilizer of each of the four orbits V ij in Aut X. We observe that H is of index 2 in bothG 0 and G 1 , and that both of these groups are of index 2 i n A u t X.
Suppose rst that the action of H on one of the orbits V ij is 2-transitive. By Lemma 3.2 we may then assume that H acts 2-transitively on all V ij . If H acts equivalently on two neighboring orbits of , s a y V 0i and V 1j for some i j 2 Z Z 2 , then the corresponding bipartite graph X j i (and thus all four of them) would have to beisomorphic to nK 2 or to K n n ; nK 2 . But in both cases the graph X is clearly vertex-transitive. Since by the classi cation of simple groups there are only two inequivalent 2-transitive actions of a given degree (see 4]or 5, Section 7.7]), it follows that the actions of H on V 00 and V 01 are equivalent. (The same is true for the pair of orbits V 10 and V 11 .) In particular, we may assume that, for some y 2 Z Z n , the stabilizers of 0 00 and y 01 in H coincide. Because of 2-transitivity of the action of H on V 00 we h a ve that r 0 = jN(0 00 x 00 ) \ V 10 j = jS 00 \ (S 00 + x)j is independent of the choice of x 2 Z Z n n f 0g. Similarly, in view of the above assumption on the stabilizers, r 1 = jN(0 00 (x + y) 01 ) \ V 10 j = jS 00 \ (S 10 + x + y)j is also independent of the choice of x 2 Z Z n n f 0g. Subtracting the rst equation from the second and taking the sum over all x 2 Z Z n n f 0g, w e get (n ; 1)(r 1 ; r 0 ) = jS 00 jjS 10 + yj ; j S 00 \ (S 10 + y)j ; (jS 00 j 2 ; j S 00 j) = = jS 00 j ; j S 00 \ (S 10 + y)j : If r 1 6 = r 0 , then the lefthand side of the above equality is at least n ; 1 and so jS 00 j n ; 1. It follows that X is vertex-transitive, a contradiction. On the other hand, if r 1 = r 0 then S 10 + y = S 00 . Now, for the same reasons as above the numbers t 0 = jN(0 00 x 00 ) \ V 11 j and t 1 = jN(0 00 (x + y) 01 ) \ V 11 j are independent of the choice of x 2 Z Z n n f 0g. Repeating the above argument we conclude that t 1 = t 0 and therefore S 11 + y = S 01 . By Lemma 4.4, (i) and (iii), it follows that X is isomorphic to the graph F(S 00 S 00 S 01 S 01 ). But this means that the graph X contains an automorphism interchanging two v ertices from di erent orbits V ij and xing all other vertices, contradicting our assumption on the orbits V ij being blocks of imprimitivity o f A u t X.
We can now assume that the action of H on the orbits V ij is simplyprimitive. Note that H contains a cyclic subgroup of order n. Therefore (since cyclic groups of composite order are B-groups 14, Theorem 25.3]), it follows that n = p is a prime. Observe rst that the action of H on each of the four orbits V ij is faithful for otherwise the kernel of the action of H on one block w ould have to be transitive on one of the adjacent blocks, giving rise to the isomorphism X = K 2p 2p . By the Burnside theorem on groups of prime degree 13, Theorem 7.3], there exists a subgoup S of multiplicative group Z Z p such that for each pair i j 2 Z Z 2 the action of H on V ij is permutationaly isomorphic with a group fx 7 ! ax+bja 2 S b 2 Z Z p g of a ne transformations of the eld Z Z p . Since all the actions of H on the sets V ij are equivalent there are y z w2 Z Z p , s u c h that the stabilizers of 0 00 y 10 z 01 and w 11 in H coincide. By Lemma 4.4, it su ces to consider the case where y = z = w = 0 . Since H acts edge-transitively on all of the graphs X j i , it follows that each of S ij is a coset of S. Let a ij 2 S ij besuch that S ij = a ij S. Consider the setwise stabilizer G 0 of V 00 in G.
Since the Sylow p-subgroup P = h i is characteristic in H and H is of index 2 in G 0 , it follows that P is normal in G 0 . Then there exists a subgroup S 0 of the multiplicative g r o u p Z Z p , s u c h that the action of G 0 on V 0i can beidenti ed with the group fx 0i 7 ! (ax) 0i + bja 2 S 0 b 2 Z Z p g of a ne transformations. Moreover, either S = S 0 or S is of index 2 i n S 0 .
We claim that there exists an involution 2 G 0 xing vertex 0 00 . First we obtain an involution by taking an appropriate power of a nonidentity element in G 0 n H. Since jV 00 j is odd this involution xes a vertex in V 00 .
Conjugating it by a p o wer of gives us the desired involution . In view of the identi cation of the group G 0 with the above group of a ne transformations we conclude that acts on V 0i , i 2 Z Z 2 , either trivially or according to the rule x 0i = ( ;x) 0i , x 2 Z Z p . We distinguish two possibilities. Suppose rst that 2 H. Then maps according to the rule x ij = (;x) ij , implying that S = ;S. By Lemma 3.3 the setwise stabilizer of V 0i and V 1j in Aut X j i acts simply transitively on each of these sets and must therefore coincide with the restriction of H on X j i .
Let map X 0 0 to X 1 0 according to the rule: x 00 = a ;1 00 a 01 x 00 and x 10 = a ;1 00 a 01 x 11 . Clearly, is a graph isomorphism. By composing it with some 2 G 0 n H we get an automorphism of the graph X 0 0 which can be extended to an automorphism of X. By composing this automorphism with ;1 , a n e xtension of to some element o f G 0 is obtained. (ii), we deduce that X is isomorphic to F(a 00 S a 00 S a 00 bS a 00 bS) which c o ntradicts the assumption that the orbits of are blocks of imprimitivity f o r the group Aut X. Assume now that = 2 H. Since P is normal in G 0 , we have that normalizes and therefore there exists r 2 Z Z p such that either x 10 = ( ;x + r) 11 for all x 2 Z Z p or x 10 = (x + r) 11 for all x 2 Z Z p . Since xes 0 0i , i 2 Z Z 2 , we have that for each i 2 Z Z 2 , interchanges the sets N(0 0i ) \ V 10 and N(0 0i ) \ V 11 . It follows that either ;a i0 S + r = a i1 S, for all i 2 Z Z 2 , or a i0 S + r = a i1 S, for all i 2 Z Z 2 . Using the fact that S is a multiplicative subgroup of x 2 Z Z p , we have in the rst case ;a i0 S + rS = a i1 S, i 2 Z Z 2 , and in the second case a i0 S + rS = a i1 S, i 2 Z Z 2 . In both cases r = 0 by Lemma 2.3. We conclude that either a i0 S = a i1 S, for all i 2 Z Z 2 , or ;a i0 S = a i1 S, for all i 2 Z Z 2 . Repeating now the above arguments (used in the previous four paragraphs for the group G 0 ) for the group G 1 , w e end up with either a 0j S = a 1j S, for all j 2 Z Z 2 , or ;a 0j S = a 1j S, for all j 2 Z Z 2 . Checking out each of the four possibilities for the quantities a ij , we have that either X = F(a 00 S ;a 00 S a 00 S ;a 00 S), which is impossible since X is not vertex-transitive, or X = F(a 00 S a 00 S ;a 00 S ;a 00 S), contradictiong the fact that the orbits of are blocks of imprimitivity for the group Aut X.
In the particular case when n is a prime, we have the following consequence of the above theorem.
Corollary 4.11 There a r e no semisymmetric (p )-tetracirculants, p a prime, with the four orbits of being blocks of its automorphism group.
Semisymmetric graphs of order 4p
The results of the previous section (Corollaries 4.8 and 4.11) together with the theorem of Burnside 13, Theorem 7.3], which characterizes simply transitive group actions of prime degree, enable us to classify semisymmetric graphs of order 4p, p a prime. The rst proposition of this section is an observation that every such graph is a tetracirculant.
Proposition 5.1 If X is a semisymmetric graph of order 4p, where p is a prime, then X = F(S 00 S 01 S 10 S 11 ) for some S 00 S 01 S 10 S 11 Z Z p , such that jS 00 j = jS 11 j and jS 01 j = jS 10 j.
Proof. Note that the automorphism group G = Aut X of X has two orbits of length 2p which form a bipartition of V (X). Using 14, Theorem (i) X is isomorphic to some F(S S aS aS), where S is a nontrivial multiplicative subgroup od Z Z p , a 2 Z Z p n S and a 2 2 S or (ii) p = 5 and X is isomorphic to F(f0 2 3g f0 2 3g f0 1 4g f0 1 4g).
The following lemma will be used in the proof of the above theorem.
Lemma 5.3 Let F = F(S 00 S 01 S 10 S 11 ) be a (p )-tetracirculant. and U W the orbits of . If all of S ij Z Z p are of the same cardinality and the restriction (Aut F) W of Aut F to W has 2-blocks, but no p-blocks, then S 01 = S 00 + y and S 11 = S 10 + y for some y 2 Z Z p . Consequently, there are R T Z Z p such that F is isomorphic to F(R R T T).
Proof. Let G = Aut F. There is y 2 Z Z p such that B = f0 10 y 11 g is a block of G W . Then B = fB 0 : : : B p;1 g, where B x = fx 10 (x + y) 11 g for each x 2 Z Z p , i s a complete system of imprimitivity o f G W .
Lemma 3.4 implies that, for each x 2 Z Z p , there exists an element of G which xes both0 10 and y 11 , and interchanges x 10 with (x + y) 11 . It follows that j ; S 00 \ (x ; S 00 )j + j ; S 10 \ (x ; S 10 )j = jN(0 10 x 10 )j = jN(0 10 (x + y) 11 )j = j ; S 00 \ (x + y ; S 01 )j + j ; S 10 \ (x + y ; S 11 )j : Letting d = jS ij j and taking the sum over all x 2 Z Z p , we obtain 2d 2 ; 2d = j ; S 00 j 2 ; j ; S 00 j + j ; S 10 j 2 ; j ; S 10 j = j ; S 00 jjy ; S 01 j ; j ; S 00 \ (y ; S 01 )j + j ; S 10 jjy ; S 11 j ; j ; S 10 \ (y ; S 11 )j = 2d 2 ; j ; S 00 \ (y ; S 01 )j ; j ; S 10 \ (y ; S 11 )j : It follows that 2d = j ; S 00 \ (y ; S 01 )j + j ; S 10 \ (y ; S 11 )j and consequently S 01 = S 00 + y and S 11 = S 10 + y.
Proof of Theorem 5.2. The fact that the graphs in (i) are semisymmetric is the content of Proposition 4.1, while the graph in (ii) is the bipartite complement of the semisymmetric graph F(f1 ;1g f1 ;1g f2 ;2g f2 ;2g) of order 2 0 a n d i t m a y beseen that it is indeed semisymmetric.
Suppose now t h a t X is a semisymmetric graph X of order 4p, p a prime. We need to show that X is isomorphic to one of the graphs in (i) and (ii) in the statement of Theorem 5.2. By Proposition 5.1 we can identify the graph X with a (p )-tetracirculant F(S 00 S 01 S 10 S 11 ) for some subsets S 00 S 01 S 10 S 11 Z Z p . Note that there are no semmisymetric graphs of orders 8 and 12 and precisely two nonisomorphic semisymmetric graphs of order 20 (see 10]). We can therefore assume that p > 5 for the rest of the proof. As in the previous section we let V 00 V 01 V 10 and V 11 denote the four orbits of , and we let U and W denote the respective unions V 00 V 01 and V 10 V 11 . Furthermore, let G = A u t X.
The proof will be carried out in two steps, each giving a further re nement of the information on the symbol(S 00 S 01 S 10 S 11 ).
Step 1. X = F(R R T T) for some R T Z Z p .
We s h o w rst that G is simply transitive o n b o t h U and W. Assume that the action of G on U is 2-transitive. Then r = jN(0 00 x 01 )j = jS 00 \ (S 10 + x)j + jS 01 \ (S 11 + x)j is independent of the choice of x 2 Z Z p . By Lemma 3.1 we have pr = p;1 X x=0 jN(0 00 x 01 )j = jS 00 jjS 10 j + jS 01 jjS 11 j = 2 jS 00 jjS 10 j and consequently S 00 = Z Z p = S 11 or S 01 = Z Z p = S 10 . In both cases we get a contradiction in view of Lemma 4.5. Furthermore, since there are no simply primitive groups of degree 2p, p 7, (see 4]), the above action is imprimitive. If G has 2-blocks on both U and W then Corollary 4.8 implies that the symbolof X is of the desired form. Therefore, in view of Corollary 4.11 we may assume that G has p-blocks on precisely one of the sets U and W.
Assume that G U has p-blocks (and consequently G W has 2-blocks but no p-blocks). Then we can easily show that the cardinalities of the sets S 00 S 01 S 10 and S 11 are all equal. By Lemma 5.3, we conclude that X is isomorphic to F(R R T T) f o r some R T Z Z p .
Step 2. X = F(S S aS aS) where S is a subgroup of the multiplicative group Z Z p , a 2 Z Z p n S and a 2 2 S. By Step 1, we may identify the graph X with F(R R T T) for some R T Z Z p . Observe rst that since X is semisymmetric (and therefore regular and not vertex-transitive) we have 1 < jRj = jT j < p ; 1. Furthermore, note that the action of G on U has blocks of length p, for otherwise the action of G on U would have b l o c ks of length 2. But then, by Lemma 5.3, X would be isomorphic to the graph F(R R R R) and hence not semisymmetric by Lemma 4.5. Observe also that the action of G on U is unfaithful with the corresponding kernel K isomorphic to Z Z p 2 and acting on W with orbits B x = fx 10 x 11 g. Let Y = X=B bethe quotient graph of X relative to the imprimitivity block system B = fB x j x 2 Z Z p g of G W , that is the graph of order 3p, obtained from X by identifying x 10 with x 11 for each x 2 Z Z p (see Figure 5) . By Proposition 4.7, every automorphism of X induces an automorphism of Y with all the elements of K giving rise to the identity automorphism of Y . It is therefore clear that, because of edge-transitivity o f X, the action of G = G=K on Y is also edge-transitive, having two orbits on vertices: U and B. Observe that the sets V 00 and V 01 are blocks of the action of G on U. Let 2 , it follows that bothR and T are cosets of S. By Lemma 4.4, we can assume that R = S and T = aS for some a 2 Z Z p n S. In order to complete the proof of Step 2 we need to show that a 2 belongs to S. Let denote the automorphism of Y induced by the element of order p with orbits V ij , i j 2 Z Z 2 . Since P = h i is characteristic in H and the latter is normal in G 1 = G, we have that P is normal in G. It follows that there exists a subgroup S 0 of the multiplicative group Z Z p such that the action of G on B can beidenti ed with the group fB x 7 ! B ax+b ja 2 S 0 b 2 Z Z p g of a ne transformations. Moreover, either S = S 0 or S is of index 2 i n S 0 .
We claim that there exists an involution 2 G xing the vertex B 0 . First, we obtain an involution in G by taking an appropriate power of a nonidentity element in G n H. Since jBj is odd this involution xes some block i n B. Conjugating it by a p o wer of gives us the desired involution .
In view of the identi cation of the group G with the above group of a ne transformations we conclude that acts on B either trivially or according to the rule B x 7 ! B ;x , x 2 Z Z p . We distingush two possibilities depending on whether belongs to H or not. While preparing the nal version of this article it came to our notice that these graphs were independently found by Du and Xu 7] . Using the classi cation of nite simple groups they prove their existence as part of a larger family of semisymmetric graphs of order 2pq, p q primes. However, they provide neither the explicit labeling for these graphs nor their connection to the original Folkman's construction.
